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Abstract
A ring R is called right zip provided that if the right annihilator rR(X) of a subset X of R is zero,
rR(Y )= 0 for a ﬁnite subset Y ⊆ X. Faith [5] raised the following questions: When does R being a
right zip ring imply R[x] being right zip?; Characterize a ring R such that Matn(R) is right zip;When
does R being a right zip ring imply R[G] being right zip when G is a ﬁnite group? In this note, we
continue the study of the extensions of noncommutative zip rings based on Faith’s questions.
© 2004 Elsevier B.V. All rights reserved.
MSC: primary: 16D25; 16P60; secondary: 16S34; 16S36
Throughout this paper R always denotes an associative ring with identity, and all modules
are unitary. For any subset X of a ring R, rR(X) denotes the right annihilator of X in R. Faith
[4] called a ring R right zip provided that if the right annihilator rR(X) of a subset X of
R is zero, rR(Y ) = 0 for a ﬁnite subset Y ⊆ X; equivalently, for a left ideal L of R with
rR(L) = 0, there exists a ﬁnitely generated left ideal L1 ⊆ L such that rR(L1) = 0. R
is zip if it is right and left zip. The concept of zip rings initiated by Zelmanowitz [11]
appeared in various papers [2–5], and references there in. Zelmanowitz stated that any ring
satisfying the descending chain condition on right annihilators is a right zip ring (although
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not so-called at the time), but the converse does not hold. Beachy and Blair [2] studied rings
that satisfy the condition that every faithful right ideal I of R is cofaithful in the sense that
rR(I1)= 0 for a ﬁnite subset I1 ⊆ I . Right zip rings have this property and conversely for
commutative R.
Extensions of zip rings were studied by several authors. Beachy and Blair [2] showed
that if R is a commutative zip ring, then the polynomial ring R[x] over R is zip. Faith [5]
proved that if R is a commutative zip ring and G is a ﬁnite abelian group, then the group
ring R[G] of G over R is zip. Cedó [3] proved that if R is a commutative zip ring, then the
n× n full matrix ring Matn(R) over R is zip; moreover he settled negatively the following
questions which had posed by Faith [4]:
(1) Does R being a right zip ring imply R[x] being right zip?
(2) Does R being a right zip ring imply Matn(R) being right zip?
(3) Does R being a right zip ring imply R[G] being right zip when G is a ﬁnite group?
Based on the preceding results, Faith [5] again raised the following questions:
(1) When does R being a right zip ring imply R[x] being right zip?
(2) Characterize a ring R such that Matn(R) is right zip.
(3) When does R being a right zip ring implyR[G] being right zip whenG is a ﬁnite group?
In this note, we continue the study of the extensions of noncommutative zip rings based
on Faith’s questions.
We ﬁrst consider the n × n upper triangular matrix ring over right zip rings. We denote
the n× n upper triangular matrix ring over a ring R by UTMn(R). We need the following
lemmas:
Lemma 1 (Cedo [3, Proposition 1]). If R is a commutative zip ring, thenMatn(R) is a zip
ring.
Lemma 2 (Faith [5, Lemma D]). If R is a right essential subring of a right zip ring S, then
R is a right zip ring.
Proposition 3. Let R be a commutative ring and n2. Then R is a zip ring if and only if
UTMn(R) is a zip ring.
Proof. Assume that R is a zip ring. Then Matn(R) is right zip by Lemma 1. Let I be a right
Matn(R)-submodule of Matn(R). Put U =UTMn(R). Notice that I ∩U = 0. Hence U is a
right essential subring of Matn(R). Therefore U is a right zip ring by Lemma 2. It can also
be easily checked that U is a left essential subring of Matn(R). This implies that U is also
a left zip ring by Lemma 2.
Conversely, suppose that U is a right zip ring and X ⊆ R with rR(X)= 0. Let Y = {aI |
a ∈ X} ⊆ U , where I is the n× n identity matrix. If B = (bij ) ∈ rU (Y ), then aI · B =O
for all a ∈ X, where O denotes the zero matrix. Thus abij = 0 for all i and j. Therefore
bij ∈ rR(X)=0 and so bij =0 for all i and j. SinceU is right zip, there exists a ﬁnite subset
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Y0 = {a1I, a2I, . . . , amI } ⊆ Y such that rU (Y0) =O. Let X0 = {a1, a2, . . . , am} ⊆ X. If
b ∈ rR(X0), then
akI ·


0 0 0 · · · b
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=


0 0 0 · · · akb
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=O
for all k = 1, 2, . . . , m. Thus,

0 0 0 · · · b
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

 ∈ rU (Y0)=O
and so b= 0. Hence rR(X0)= 0 and therefore R is right zip. Moreover, R is zip because R
is commutative. 
From Proposition 3, one may conjecture that if R is a right zip ring, then UTMn(R) is a
right zip ring. However, the following proposition eliminates the possibility.
Proposition 4. There exists a n×n upper triangular matrix ring over a right zip ring which
is not right zip for any n2.
Proof. We note that there exists a right zip ring R such that V =Mat2(R) is not right zip
by [3, Example 1]. With this ring R, we claim that U =UTM2(R) is not right zip. Assume
to the contrary that U is a right zip ring. Then we obtain that V is a right zip ring: Indeed,
let X be a left ideal of V and rV (X)=O, where O denotes the zero matrix. For each(
a11 a12
a21 a22
)
∈ X,
we obtain(
1 0
0 0
)(
a11 a12
a21 a22
)
=
(
a11 a12
0 0
)
∈ X and
(
0 1
0 0
)(
a11 a12
a21 a22
)
=
(
a21 a22
0 0
)
∈ X.
Put
Y =
{(
a11 a12
0 0
)
,
(
a21 a22
0 0
)
|
(
a11 a12
a21 a22
)
∈ X
}
⊆ X.
Then rV (X)= 0= rV (Y ). For, if(
b11 b12
b21 b22
)
∈ rV (Y ),
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then
O =
(
a11 a12
0 0
)(
b11 b12
b21 b22
)
=
(
a11b11 + a12b21 a11b12 + a12b22
0 0
)
and
O =
(
a21 a22
0 0
)(
b11 b12
b21 b22
)
=
(
a21b11 + a22b21 a21b12 + a22b22
0 0
)
.
So (
a11 a12
a21 a22
)(
b11 b12
b21 b22
)
=O.
Thus, (
b11 b12
b21 b22
)
∈ rV (X)
and hence rV (Y )= rV (X)=O. This implies rU (Y )= rV (Y ) ∩ U =O. Since Y ⊆ U and
U is right zip, there exists a ﬁnite subset Y1 of Y such that rU (Y1)=O. Then rV (Y1)=O.
If not, there exists
O =
(
c11 c12
c21 c22
)
∈ rV (Y1)
with c21 = 0. Then for any(
a b
0 0
)
∈ Y1,
we have(
a b
0 0
)(
c11 c12
c21 c22
)
=O
and so
O =
(
a b
0 0
)(
c11 c12
c21 c22
)(
0 1
0 0
)
=
(
a b
0 0
)(
0 c11
0 c21
)
.
Thus (
0 c11
0 c21
)
∈ rU (Y1)=O
and hence c21 = 0, which is a contradiction. Thus rV (Y1) = O. Since X is a left ideal
of V, V Y 1 ⊆ X and V Y 1 is a ﬁnitely generated left ideal of V. By the preceding argu-
ments, we have rV (V Y 1)= rV (Y1)=O. Therefore V =Mat2(R) is a right zip ring, which
is a contradiction to Cedó’s result. It is proved similarly that UTMn(R) is not right zip
for n3. 
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Based on the preceding result, we consider a kind of subring of n × n upper triangular
matrix rings. For a ring R, we consider the ring
aUTMn(R)=




a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a

 |a, aij ∈ R


,
where n(2) is a positive integer.
Then we have the following:
Theorem 5. A ring R is right (left) zip if and only if aUTMn(R) is a right (left) zip ring.
Proof. Assume thatR is a right zip ring andX ⊆ T with rT (X)=O, where T =aUTMn(R).
Let
Y =


a ∈ R |


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a

 ∈ X for some aij ∈ R


.
Then Y ⊆ R. If b ∈ rR(Y ), then


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a




0 0 0 · · · b
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=


0 0 0 · · · ab
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=O
for any


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a

 ∈ X.
Thus,


0 0 0 · · · b
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

 ∈ rT (X)=O
236 C.Y. Hong et al. / Journal of Pure and Applied Algebra 195 (2005) 231–242
and so b = 0. Hence rR(Y ) = 0. Since R is right zip, there exists a ﬁnite subset Y0 =
{a1, a2, . . . , am} ⊆ Y such that rR(Y0)= 0. Then
Ak =


ak ak12 ak13 · · · ak1n
0 ak ak23 · · · ak2n
0 0 ak · · · ak3n
...
...
...
. . .
...
0 0 0 · · · ak

 ∈ X
for some akij ∈ R, where k = 1, 2, . . . , m. If
B =


b b12 b13 · · · b1n
0 b b23 · · · b2n
0 0 b · · · b3n
...
...
...
. . .
...
0 0 0 · · · b

 ∈ rT ({Ak | k = 1, 2, . . . , m}),
then AkB =O for all k. Thus
akb = 0, (1)
akb12 + ak12b = 0, (2)
akb13 + ak12b23 + ak13b = 0, (3)
...
akb1n + ak12b2n + ak13b3n + · · · + ak1(n−1)b(n−1)n + ak1nb = 0, (4)
...
akb23 + ak23b = 0 (5)
akb24 + ak23b34 + ak24b = 0, (6)
...
Since akb= 0 for all k= 1, 2, . . . , m, we have that b ∈ rR(Y0)= 0 and so b= 0. From Eq.
(2), akb12 = 0 for all k. Thus b12 ∈ rR(Y0) = 0 and so b12 = 0. From Eq. (5), akb23 = 0
for all k. Thus b23 ∈ rR(Y0) = 0 and so b23 = 0. From Eq. (3), akb13 = 0 for all k. Thus
b13 ∈ rR(Y0)= 0 and so b13 = 0. Continue this process. Then we get bij = 0 for all i and j.
Thus B =O and so rT ({Ak | k = 1, 2, . . . , m})=O. Therefore T is a right zip ring.
Conversely, assume that T is a right zip ring and X ⊆ R with rR(X)= 0. Let Y = {aI |
a ∈ X} ⊆ T , where I is the n× n identity matrix. If
B =


b b12 b13 · · · b1n
0 b b23 · · · b2n
0 0 b · · · b3n
...
...
...
. . .
...
0 0 0 · · · b

 ∈ rT (Y ), then aI · B =O for all a ∈ X.
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Thus ab = 0 and abij = 0 for all i and j. Therefore b, bij ∈ rR(X)= 0 and so b = 0= bij
for all i and j. Since T is right zip, there exists a ﬁnite subset Y0={a1I, a2I, . . . , amI } ⊆ Y
such that rT (Y0)=O. Let X0 = {a1, a2, . . . , am} ⊆ X. If c ∈ rR(X0), then
akI ·


0 0 0 · · · c
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=


0 0 0 · · · akc
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

=O for all k=1, 2, . . . , m.
Thus 

0 0 0 · · · c
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0

 ∈ rT (Y0)=O and so c = 0.
Therefore rR(X0)= 0 and so R is right zip.
The left case is proved similarly. 
Given a ring R and a (R,R)-bimodule M, the trivial extension of R by M is the ring
T (R,M)= R ⊕M with the usual addition and the following multiplication:
(r1,m1)(r2,m2)= (r1r2, r1m2 +m1r2).
This is isomorphic to the ring of all matrices(
r m
0 r
)
,
where r ∈ R and m ∈ M and the usual matrix operations are used.
Corollary 6. A ring R is a right (left) zip ring if and only if the trivial extension
T (R,R)=
{(
a b
0 a
)
| a, b ∈ R
}
of R is a right (left) zip ring.
However, the trivial extension T (R, S) of a ring R by a ring S being right zip does not
imply that of S.
Example 7. Let Z2 be the ring of integers modulo 2. Let
S = {〈ai〉 | ai ∈ Z2 and ai is eventually constant}.
ThenS is not a right zip ring. SupposeS is right zip and letX={〈ai〉 ∈ S | ai is eventually 0}.
Then rS(X)=〈0〉, where 〈0〉 denotes the zero element of S, and so there exists a ﬁnite subset
X0 = {1, 2, . . . , n} ⊆ X such that rS(X0) = 0. Let k = 〈ak1 , ak2 , . . . , akmk , 0, 0, . . .〉,
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k=1, 2, . . . , n.Let t=max{m1,m2, . . . , mn}.Then 〈0, 0, . . . , 0, xt+1, 0, 0, . . .〉 ∈ rS(X0),
where xt+1 = 1. This is a contradiction.
Now, let R = Z2. Then S is a (R,R)-bimodule with r · 〈a1, a2, . . . , an, a, a, . . .〉 =
〈ra1, ra2, . . . , ran, ra, ra, . . .〉. Then
T (R, S)=
{(
a b
0 a
)
| a ∈ R, b ∈ S
}
is a right zip ring. Let X ⊆ T (R, S) and rT (R,S)(X)=O. Suppose that
(
1 
0 1
)
∈ X.
If
(
1 
0 1
)(
a 
0 a
)
=
(
a + a
0 a
)
=O,
then a = 0 and + a = 0. Thus = 0 and so
(
a 
0 a
)
=O.
Thus,
rT (R,S)
((
1 
0 1
))
=O.
If
X =
{(
0 
0 0
)
|  ∈ S
}
,
then
(
0 
0 0
)(
0 1
0 0
)
=O
and so rT (R,S)(X) = O.
We show that the row or column ﬁnite matrix rings over a right zip ring need not be right
zip as follows:
Example 8. LetCFM(R) be the column ﬁnitematrix ring over a right zip ringR. Let eij be
thematrix unit with (i, j)-entry 1 and 0 elsewhere. LetX={e1j | j=1, 2, . . .} ⊂ CFM(R).
Then rCFM(R)(X)=O, whereO is the zero matrix. However, notice that rCFM(R)(Y ) = O
for any ﬁnite subset Y of X. Therefore CFM(R) is not right zip.
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We next consider polynomial rings over a right zip ring. Even R[x] over a commutative
zip ring R is zip, R[x] over a noncommutative right zip ring R is not right zip in general
[3]. But we may extend the class of zip rings from the following kind of factor rings of
polynomial rings over a zip ring:
Proposition 9. Let R be a right zip ring. ThenR[x]/〈xn+1〉 is a right zip ring for any n1.
Proof. Suppose that R is a right zip ring. Denote x + 〈xn+1〉 in R[x]/〈xn+1〉 by u. Then
R[x]/〈xn+1〉 = R[u] = R + Ru + · · · + Run, where u commutes with elements of R and
un+1=0. LetX ⊆ R[u] such that rR[u](X)=0.Now letY={a0 ∈ R | a0+a1u+· · ·+anun ∈
X for some a1, a2, . . . , an ∈ R}. If b ∈ rR(Y ), then (a0+a1u+· · ·+anun)bun=a0bun=0
for any a0 + a1u + · · · + anun ∈ X. Thus bun ∈ rR[u](X) = 0 and so b = 0. Thus
rR(Y ) = 0. Since R is right zip, there exists a ﬁnite set Y0 = {a10 , a20 , . . . , ak0} ⊆ Y such
that rR(Y0) = 0. Let X0 = {fi(u) ∈ X | fi(0) = ai0 , i = 1, 2, . . . , k}. Then X0 ⊆ X. Let
fi(u)=ai0+ai1u+· · ·+ainun. If g(u)=bmum+bm+1um+1+· · ·+bnun ∈ r(X0),where
m0 and bm = 0, then fi(u)g(u) = 0. Thus ai0bm = 0 for all i and so bm ∈ rR(Y0) = 0.
Hence bm = 0, which is a contradiction. Therefore rR[u](X0)= 0. 
Due to Rege and Chhawchharia [9], a ring R is called Armendariz if aibj = 0 for all
i and j whenever polynomials f (x) =∑mi=0aixi and g(x) =∑nj=0bjxj in R[x] satisfy
f (x)g(x) = 0. Armendariz rings were studies by several authors [1,6,7,9] and references
there in.A ring is called reduced if it has no nonzero nilpotent elements. Notice that reduced
rings are Armendariz. Armendariz rings are different right zip rings and also reduced rings
are different right zip rings in general.
Example 10. (1) Reduced rings are Armendariz, but they need not be right (left) zip by
the following. Let F be a ﬁeld and R = 〈⊕∞i=1Fi, 1∏∞i=1Fi 〉 the F-subalgebra of
∏∞
i=1Fi
generated by ⊕∞i=1Fi and 1∏∞i=1Fi , where Fi = F for all i. Then R is reduced and so it is
Armendariz. Let X =⊕∞i=1Fi , then rR(X)= lR(X)= 0 but there cannot be a ﬁnite subset
X0 of X such that rR(X0)= lR(X0)= 0; hence R is neither right nor left zip.
(2) Let Z4 be the ring of integers modulo 4. Notice that Z4 is Armendariz and zip. The
trivial extension T (Z4,Z4) is not Armendariz, but it is zip by Corollary 6.
Theorem 11. Let R be an Armendariz ring. Then R is a right zip ring if and only if R[x] is
a right zip ring.
Proof. Suppose that R[x] is right zip. Let Y ⊆ R with rR(Y ) = 0. If f (x) = a0 + a1x +
· · · + anxn ∈ rR[x](Y ), then bf (x)= ba0 + ba1x + · · · + banxn = 0 for any b ∈ Y. Thus
bai = 0, and so ai ∈ rR(Y ) = 0, i = 1, 2, . . . , n. Therefore, f (x) = 0, so rR[x](Y ) = 0.
Since R[x] is right zip, there exists a ﬁnite set Y0 ⊆ Y such that rR[x](Y0) = 0. Therefore
rR(Y0)= rR[x](Y0) ∩ R = 0.
Conversely, suppose that R is a right zip ring. Let X ⊆ R[x] with rR[x](X)= 0. Now let
Y be the set of all coefﬁcients of elements in X. Then Y ⊆ R. If a ∈ rR(Y ), then ba = 0
for any b ∈ Y. Thus f (x)a = 0 for any f (x) ∈ X, and so a ∈ rR[x](X) = 0. That is,
rR(Y ) = 0. Since R is right zip, there exists a ﬁnite set Y0 ⊆ Y such that rR(Y0) = 0. For
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each a ∈ Y0, there exists ga(x) ∈ X such that some of coefﬁcients of ga(x) is a. LetX0 be
a minimal subset of X such that ga(x) ∈ X0 for each a ∈ Y0. Then X0 is a nonempty ﬁnite
subset of X. Let Y1 be the set of all coefﬁcients of elements in X0. Then Y0 ⊆ Y1 and so
rR(Y1) ⊆ rR(Y0) = 0. If f (x) = a0 + a1x + · · · + akxk ∈ rR[x](X0), then g(x)f (x) = 0
for any g(x)= b0 + b1x + · · · + btxt ∈ X0. Since R is Armendariz, biaj = 0 for 0 i t,
0jk. Thus aj ∈ rR(Y1)= 0 for 0jk, and so f (x)= 0. Hence rR[x](X0)= 0. 
Proposition 12. Let R be a ring and  be a multiplicatively closed subset of R consisting
of central regular elements. Then R is right zip if and only if −1R is right zip.
Proof. Suppose that R is right zip and letX ⊆ −1R such that r−1R(X)= 0. Let Y ={a |
u−1a ∈ X} ⊆ R. If c ∈ rR(Y ) then, Yc = 0 and so Xc = 0. Thus c ∈ r−1R(X) = 0 and
hence rR(Y )=0. Since R is right zip, there exists a ﬁnite subset Y0 ofY such that rR(Y0)=0.
Let Y0 = {a1, a2, . . . , an}. Then there exist elements 1, 2, . . . , n ∈ X such that 1 =
u−11 a1, 2=u−12 a2, . . . , n=u−1n an, where u1, u2, . . . , un ∈ . LetX0={1, 2, . . . , n}.
Then X0 is a ﬁnite subset of X. Now if  ∈ r−1R(X0)and = v−1b, then u−1i aiv−1b = 0
and so aib = 0 for all 1 in because u, v are regular. Thus b ∈ rR(Y0) = 0 and hence
= 0. Therefore −1R is right zip.
Conversely, notice that R is right essential subring of −1R as a right R-module. So R is
right zip by Lemma 2. 
The ring of Laurent polynomials in x, coefﬁcients in a ring R, consists of all formal sums∑n
i=kmixi with obvious addition and multiplication, where mi ∈ R and k, n are (possibly
negative) integers; denoted by R[x; x−1].
Corollary 13. Let R be an Armendariz ring. Then the following statements are equivalent:
(1) R is a right zip ring.
(2) R[x] is a right zip ring.
(3) R[x; x−1] is a right zip ring.
Proof. (1) ⇔ (2): By Theorem 11. (2) ⇔ (3): Let  = {1, x, x2, . . .}. Then  is a mul-
tiplicatively closed subset of R[x]. Note that R[x; x−1] = −1R[x]. If R[x] is right zip,
−1R[x] is right zip by Proposition 12. If R[x; x−1] is right zip, then R[x] is also right zip
by Proposition 12. 
Finally, we consider the group ring over a right zip ring. Faith [5] proved that if a ring R
is a commutative zip ring and G is a ﬁnite abelian group, then R[G] is zip. However, Cedó
showed that there exists a right zip ring R such that R[G] is not right zip when G is a ﬁnite
abelian group [3, Example 3].
Given a monoid G and a ring R, we use R[G] to denote the monoid ring of G over R.
A monoid G is called a u.p.-monoid (unique product monoid) if given any two nonempty
ﬁnite subsets A and B of G there exists at least one c ∈ G that has a unique representation
in the form c = ab with a ∈ A and b ∈ B. If x is an indeterminate over a ring, then
{1, x, x2, . . .} is a u.p.-monoid.
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Proposition 14. Let R be a reduced ring and G a u.p.-monoid. Then R is a right zip ring if
and only if R[G] is a right zip ring.
Proof. Let R be a reduced ring, G a u.p.-monoid and f, g ∈ R[G] such that fg = 0. Let
f = a1x1 + · · · + amxm and g = b1y1 + · · · + bnyn, where ai’s, bj ’s are nonzero in R, and
xi’s, yj ’s are in G. Then aibj = 0 for any i, j by [8, Corollary 3.2]. So we have R[G] is
right zip by the same method in the proof of Theorem 11. 
In the following, we extend [10, Theorem] onto u.p.-monoid rings.
Lemma 15. Let R be a commutative ring and G a u.p.-monoid. If f is a left (or right)
zero-divisor in R[G] then there exists a nonzero c in R such that f c = 0.
Proof. We proceed by the hint of the proof of [10, Theorem]. Assume on the contrary that
f  = 0 if  ∈ R is nonzero, and say that g is a nonzero element with the smallest number
of terms in R[G] with respect to the property fg = 0. Let f = a1x1 + · · · + amxm and
g = b1y1 + · · · + bnyn, where ai’s and bj ’s are nonzero in R, and xi’s, yj ’s are in G. Then
n2 and f bn = 0 by the assumption; hence asbn = 0 for some s and thus asg = 0. Let t be
the largest integer such that atg = 0, then we have fg= (ai1xi1+· · ·+aik xik )(b1y1+· · ·+
bnyn)=0, where ik= t , {i1, . . . , ik} ⊆ {1, . . . , t}, and aihg = 0 for all h ∈ {1, . . . , k}. Now
letA={xi1 , . . . , xik },B={y1, . . . , yn} andC={xiyj | i1 i ik and 1jn}. SinceG is a
u.p.-monoid, we can say that xik yn=xtyn has a unique representation inC, after reordering if
necessary, whence atbn= 0. Consequently we have 0 = atg= at (b1y1+ · · ·+ bn−1yn−1),
and since R is commutative it follows that f (atg) = (fg)at = 0. This is a contradic-
tion because nonzero atg has smaller number of terms than g. The proof of right case is
symmetric. 
Theorem 16. Suppose that R is a commutative ring and G is a u.p.-monoid that contains
an inﬁnite cyclic submonoid. Then R is a zip ring if and only if R[G] is a zip ring.
Proof. Let X ⊆ R[G] such that rR[G](X) = 0, and Y be the set of all coefﬁcients of the
functions in X. If a ∈ rR(Y ), then ba= 0 for any b ∈ Y . Thus f a= 0 for any f ∈ X and so
a ∈ rR[G](X)= 0, whence rR(Y )= 0. Since R is zip and Y ⊆ R, there exists a ﬁnite subset
Y0 of Y such that rR(Y0)= 0, say Y0 = {1, . . . , n}. Let fi be a function of X in which i
appears, say fi=i1gi1+· · ·+it i git i with i1=i , ij ∈ R and gij ∈ G for i=1, . . . , n.
Let 〈h〉 be an inﬁnite cyclic submonoid ofG generated by h. SinceG is a u.p.-monoid, there
are positive integers m1 · · · mn−1 such that g11, . . . , g1t1 , hm1g21, . . . , hm1g2t2 , . . . ,
hmn−1gn1, . . . , hmn−1gntnare distinct to each other. Now assume that there is a nonzero
function p ∈ R[G] with fip = 0 for all i, and let F =∑ni=1hmifi with hm0 the identity of
G. Then we have Fp= 0, and thus by Lemma 15 there exists 0 = c ∈ R such that Fc= 0;
consequently ic = 0 for all i and so c ∈ rR(Y0)= 0, which is a contradiction. Thus R[G]
is right zip, and the proof of R[G] being left zip is symmetric.
Conversely, let Y ⊆ R such that rR(Y )= 0. If f = 1g1+ · · · + mgm ∈ rR[G](Y ), then
yf = y1g1 + · · · + ymgm = 0 for all y ∈ Y ; hence yi = 0 and so i ∈ rR(Y ) = 0 for
i=1, 2, . . . , m. Consequentlyf=0 and rR[G](Y )=0.Now ifR[G] is right (respectively, left)
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zip, then there exists a ﬁnite subset Y0 ofY such that rR[G](Y0)=0 (respectively, lR[G](Y0)=
0). Therefore rR(Y0)= rR[G](Y0) ∩R = 0 (respectively, lR(Y0)= lR[G](Y0) ∩R = 0). 
In the polynomial ring R[x] over R, notice that {1, x, x2, ...} is an inﬁnite cyclic
u.p.-monoid. So the preceding theorem gives the following.
Corollary 17 (Beachy and Blair [2, Proposition 1.9]). A commutative ring R is zip if and
only if R[x] is zip.
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